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In this paper we answer questions of van Douwen and Pfeffer by showing that the spaces S, 
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set of irrational points in S. We obtain analogous results for the Michael line M and present 
related examples. 
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1. Introduction 
There are numerous examples of spaces X whose powers X, X2, X3,. . . are 
topologically distinct. The real line R has this property as does the eech-Stone 
remainder w* = pw - w [ 11. Other familiar spaces behave in just the opposite way. 
If we write Y = Z to mean that Y and Z are homeomorphic spaces, then Q” = Q” 
whenever 14 m, n < w, where Q denotes the usual space of rational numbers. The 
usual space P of irrational numbers has the even stronger property that P” - Pm 
whenever 1 s m, n d w. In their paper [2], Van Douwen and Pfeffer studied the 
familier Sorgenfrey line S and its subspace T = {x E S 1 x is irrational}. They showed 
that S” and T” are not homeomorphic for any values of m, n 3 1 and they asked 
whether the spaces S, S2, S3,. . . and T, T2, T3,. . . are topologically distinct. In 
Section 2 of this paper we answer their question by proving: 
1.1. Theorem. Let X be a subspace of S such that no nonempty open subset of X2 is 
Lindel@ If l~m,n~wthenX”=X”ifandonlyifm=n. 
In Section 3 we give an analogous result for A4, the Michael line. 
1.2. Theorem. Suppose Q c X c M has the property that X n (a, b) is uncountable 
whenever a < b. If 1s m, n G w, then X” = X” if and only if m = n. 
In Section 4 we give examples related to Theorems 1.1 and 1.2 and also mention 
some open questions. Our examples include a zero dimensional space X such that 
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x2, x3, x4, . . . are homeomorphic and yet X and X2 are not, and a space Y 
constructed on a real line R (in much the same way as M is defined) with the 
property that Y2 = Y. The technique used to show that Y2 = Y is also used to show 
that there is a continuous, l-l mapping from S2 onto S. This contrasts with the 
situation for M: we show in Proposition 3.1 that for 1 s m < n < w, M” cannot be 
mapped into M” by any continuous 1-I mapping. 
2. Uncountable subspaces of the Sorgenfrey line 
2.1. Recall that the Sorgenfrey line S is the set of all real numbers topologized by 
taking the collection {[a, b) 1 b > a} to be a neighborhood base at the point a. 
Throughout this section, X will be a fixed uncountable subspace of S which has 
no isolated points. It follows that sets of the form {x E X (a G x < b} with Q, b E X 
form a neighborhood base for the relative topology which X inherits from S. 
Henceforth we will abuse notation and write [a, b) = {x E X 1 a s x < b}. 
2.2. Lemma. With X as in section 2.1, no open nonempty subset of X” embeds in X” 
for n < w, and tfeach nonvoid open subset of X is uncountable, then no nonempty open 
subset of X2 embeds in X. 
Proof. Each nonempty basic open subset of X” contains a subspace homeomorphic 
to 2”. But the space X”, for n CO, has no uncountable, separable metrizable 
subspaces, so no nonvoid open subspace of X” can be embedded in X”. Next 
consider a nonvoid open subspace U = [a, b) x [c, d) of X2. If U could be embedded 
in X then U would be monotonically normal [3, 2.21. But then [a, 6) would be 
stratifiable [3, 4.11 and hence metrizable [4,5.3] which is impossible unless [a, b) 
is countable. 0 
Recall that a collection A is irreducible if each member of At contains a point 
that belongs to no other member of A. The next lemma is obvious. 
2.3. Lemma. A hereditarily Lindeliif space has no uncountable, irreducible collections 
of open sets. 
To say that a space Y is nowhere Lindelof means that if U # (d is open in Y, then 
U fails to be a Lindelof space (in its relative topology). 
2.4. Proposition. With X as in section 2.1, suppose X2 is nowhere Lindeliif: Then if 
m < n. no nonvoid open subspace of X” can be embedded in X”. Hence the spaces 
x, x2, x3,. . . are topologically distinct. 
Proof. Since X2 is nowhere Lindelof, no nonempty open subset of X is countable. 
Therefore, from Lemma 2.2, no nonempty open subset of X2 embeds in X. 
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Suppose n ~2 and we have established the induction hypothesis “for 1 G ks 
k-t 1~ n, no nonvoid open subset of Xki’ can be embedded in Xkrr. We will show 
that no nonvoid open subset of X”+’ can be embedded in X”. For contradiction, 
suppose U # 0 is open in X”+’ and be embedded in X”. Find a nonvoid basic open 
set Uzx U,,, contained in U where U, is open in X2 and U,_, is open in X”-‘. 
Because X’ is nowhere Lindelof and perfectly subparacompact [5] U, must contain 
an uncountable relatively discrete subset 2. Then {{z} x U,_, 1 z E Z} is an uncount- 
able relatively discrete collection of subspaces of U, each homeomorphic to an open 
set U,_, c X”-‘. Since U embeds in X” there is an uncountable relatively discrete 
collection 9 = {D(a) 1 a E A} in X” where each D(Q) is a topological copy of U,_,. 
Foreach a~Achooseapointp(a)=(p,(a),p~((~),...,p,(~~))~D((~) andabasic 
neighborhood N((Y)=~I:=,[P~(LY),~,((Y)+E((Y)) if p(a) having N(a)nD(P)=O 
whenever /3 # a. 
Let 8 denote the usual (Euclidean) topology on the set X”. Let Ao= 
(aEAID((y)nInt~((N((y))fO). 
Because N( cr) n D(p) = 0 whenever (Y f p, the collection {In& (N(a)) 1 a E A,} 
is seen to be an irreducible collection of open subsets of the separable metrizable 
space (X”, g). By (2.3), A, is countable. 
Let B=A-A, and for UEB let N*(a)=iV(a)--Int%(N(cu)). Then N(a)n 
D(a) c N*(a) so that for each q = (ql, q2,. . . , qn) E N(cr)n D(a), the set {iI 1 G is 
n and q, =pi(a)} is nonvoid. We claim there is a point q(a) = (q,(a), . . . , q,,(a)) E 
N(a) n D(a) such that 
qi(a) =~,(a) for exactly one value of i = i(a). (*) 
For suppose not. Then each point of N(a) n D(a) has at least 2 coordinates in 
common with the corner point p(a). By a ‘2-edge’ of N(a) we mean a set of the 
formn{J,Il~i~n}whereJ,=[p,(cr),pi(cu)+&(LY))exceptfortwovaluesofi,and 
for those two values of i we have J, = {pi(a)}. Note that each 2-edge of N(Q) is 
(homeomorphic to) an open subset of Xne2, and that N( (Y) has only a finite number 
of 2-edges. Our assumption that (*) fails allows us to find a collection % of 2-edges 
of N(Q) which is a minimal covering of N(Q) n D(a). Fix C,, E y and let %, = 
% - {C,}. (The family %, may be empty.) Since each 2-edge of N(a) is closed in 
X” and since ie is minimal we see that (N(a) n ~(a)) - (U %‘,) is a nonempty 
relatively open subset of N(a) n D(a) which is contained in C,. Recalling that 
N(D) n D(a) is homeomorphic to an open subset of X(nm’) and that C, embeds 
in X(n-2) we see that the induction hypothesis is contradicted. Hence some q(a) E 
N(a) n D(a) has property (*). 
Let B(i)={a~Bli(a)=i}. Then B=U{B(i)Il~i~n} so that some B(i,) must 
be uncountable. For (Y E B( i,) let M(cu)=]]{J,Il~i~n} where J,= 
(pI(a),pi(a)+e((Y)) if i# i, and J,,,=[ph(a),p,(a)+~(a)). Observe that q(a)E 
M(cu)nD(a)andM(cu)cN((y)sothatM(a)nD(P)=0whenevera#pbelong 
to B(i,). Thus {M(a)1 (Y E B( io)} is an uncountable, irreducible collection. Further- 
more, each M(cy) is an open subset of the product space Y = n {(X, 9,) 11 G is n} 
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where yi is the Euclidean topology on X if i # iO and yb is the Sorgenfrey topology 
on X. Therefore the space Y is the product of the hereditarily Lindeliif space X 
with the separable metrizable space fl {(X, FE;) 1 i # iO} so that Y is hereditarily 
Lindelijf [6]. But by (2.3), that is impossible because {M(a)l~ E B(Q) is known 
to be an uncountable, irreducible collection of open subsets of Y. This contradiction 
shows that no nonempty open subset U of X(“+‘) can be embedded in X”, so the 
induction continues. 0 
Combining Lemma 2.2 and Proposition 2.4 yields a proof of Theorem 1.1. 
2.5. Remark. The techniques in the proof of (2.4) can be used to show that if 9 is 
a relatively discrete collection of subsets of S2 (i.e., 9 is a discrete collection in the 
subspace U9 of S2) then at most countably many members of 9 contain limit 
points of themselves. 
2.6. Remark. Familiar subspaces of S such as the irrational Sorgenfrey line T 
considered by Van Douwen and Pfeffer satisfy the hypotheses of (2.4). However, 
not all subspaces Xc S have the property that X2 is not Lindelof. In [7], Michael 
used the continuum hypothesis to construct spaces X,, such that (X,,)” is hereditarily 
Lindeliif but ( Xn)n+’ is not even normal. However, even for such spaces one can 
use the techniques of Proposition 2.4 to prove: 
2.7. Proposition. With X as in section 2.1, suppose X n-l is Lindeliif and X” is nowhere 
Lindeliif: Then the spaces X”, X2”, X3”, . , . are topologically distinct. In fact, no nonvoid 
open subspace of Xk” embeds in X”” unless k = m. 
2.8. Remark. In Section 3 we will prove an analogous but even stronger result about 
the Michael line M, showing that if m < n then M” cannot be mapped into Mm by 
a continuous, l-l mapping. It is worth noting that Lemma 2.2 cannot be strengthened 
in this direction since, as we show in Section 4, there is a continuous l-l mapping 
from S2 onto S. 
3. Subspaces of the Michael line 
Recall that the Michael line is obtained from the usual space of real numbers by 
isolating each irrational number and by using all intervals of the form (r - E, r + E) 
as a neighborhood base at each rational number r. Certain subspaces of M have 
the property that their countable powers are incomparable in a very strong way, as 
our next results shows. 
3.1. Proposition. Let X be a subset of the Michael line having Q c X c M and which 
has (X n (a, b)( > w whenever a < b. If 1 G m < n < w then there is no continuous, 1- 1 
function f: X” + X”. In particular, if 1 < m < n < w then X” and X” are not homeo- 
morphic. 
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Proof. An open subset W of X” is said to be n-full if W n Q” f 0. Consider the 
following induction hypothesis which consists of 2 parts. 
IH,( n): No n-full open subset of X” can be mapped into X”-’ by a l-l continuous 
mapping. 
IH,(n): If W is an n-full open subset of X” and if h: W-+X” is a l-l continuous 
mapping then h[ W] n Q” f 0. 
Defining X0 to be a singleton, IH,(l) is trivial. As for IH,(l), suppose W is a l-full 
open subset of X1 = X. Then W contains limit points of itself so that h[ W] contains 
limit points of itself, too. But then h[ W] n Q # 0 as required. 
Now suppose n 3 1 and both IH,(n) and IH,(n) are established. To prove 
IH,(n+ l), suppose W is an (n + 1)-full open subset of X”+‘. Choose q = 
(41,. . . , q,+,) in Q”+’ n W and choose an open interval J, = (ai, bi) with q E 
n:_‘: J, c W. Restricting h to n {J, (I s i 4 n + l}, we may assume W = n:T: -Ii. For 
each XE(X-Q)n(a,+,, b,,,) consider the set V, = (a,, b,) x. . . x (an, b,). This 
V, is an n-full open set in X” and the mapping h,(t) = h(t, x) defined for TV V, is 
l-l and continuous. According to IH2( n), for each x E (X - Q) n (u,,, , b,,,) the 
set h,[ V,] n Q,, # 0. But because h is l-l, the sets h,[ V,] are pairwise disjoint. Since 
(a,+, , b,,,) n (X - Q) is uncountable while Q” is countable, we have a contradiction. 
Thus IH,( n + 1) is proved. 
To verify IH,(n + l), suppose W is an (n + 1) full open subset of X”+’ and 
h: W+ X”+’ is l-l and continuous. For contradiction suppose h[ W] n Qn+’ =@. 
Let 7ri: X”+’ +X be projection to the ith coordinate. Since h[ W] n Q”” = 0, for 
each XE W, at least one of the points ri(h(x)) lies in X- Q(ld is n + 1). Fix a 
point q = (si, q2,. . . , a,+,) E Q”+’ n W. Choose i. such that rk( h( q)) = X~E X - Q. 
Then v,‘[{x~}] = X, X. . . x Xb_, x {x0} x X,,, X. . * XX,,,, is open in X”+‘, where 
each X, is the entire space X and so h-‘[~~‘{x,}] is open in X”+’ and contains q. 
Let U = Wn h-‘[~~‘{x,}]. Then U is open in X”+’ and contains qE Qn+‘, so U 
is an (n + 1) full open set. Furthermore h maps U into X, x X2 x * * *X,_, x X,,, x 
. . . x X,+1, i.e., h maps U into X” contrary to IH,(n + 1). Therefore IH,(n + 1) is 
proved. 0 
3.2. Remark. Easy examples (cf. Example 4.1) show that the hypotheses of Proposi- 
tion 3.1 are necessary. 
3.3. Proposition. Let X be an uncountable subspace of the Michael line M having a 
limit point. Then X2 cannot be embedded in X and X” cannot be embedded in X” for 
any n < 0. 
Proof. Note that X2 has uncountably many limit points so that X2 cannot be 
embedded in X (which has only countably many). Next consider X”. Let Z be a 
countable discrete closed subset of X. Then X” contains Z” and Z”, being homeo- 
morphic to the usual space of irrational numbers, is uncountable and second 
countable. If X” embeds in X”, then X” would have to contain an uncountable 
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subspace Y which is second countable. Let rrTTi: X” + X denote coordinate projection 
to the ith coordinate. Then {~~‘[{x}] 1 x E X - Q} is an uncountable collection of 
pairwise disjoint open subsets of X”. Because Y is second countable, Y n r;‘[{x}] Z 
0 for at most countably many values of x E X - Q. Hence ri[ Y] is a countable set 
for each i. Because Y 3 ni[ Y] x 7r1[ Y] x * * * x r,,[ Y], Y must also be countable, 
which is false. Hence X” cannot be embedded in any X”. 0 
3.4. Remark. As Example 4.5 will show, the Sorgenfrey line does not share the 
property of M given in Proposition 3.1: there is a continuous, l-l, onto mapping 
from S2 to S. 
4. Examples and questions 
4.1. Example. There is an uncountable subspace X of the Michael line M such 
that X2, X3, X4, . . . are homeomorphic spaces and yet X2 ?t X. 
Proof. Let Y be an uncountable set of irrational numbers which, in the usual 
topology of R, is compact. Let X = Qu Y be a subspace of the Michael line. Then 
X is the topological sum Q@ Y since Y is closed in M so that X2 = Q’O (Q x Y)O 
( YX Q)O Y2. Because Q2= Q and Y2= Y we see that X2= Q@(Qx Y)O Y. An 
easy computation shows that X n = X2 whenever 2 G n < w. Note that, according to 
Proposition 3.3, X2%X. 0 
4.2. Example. For each k 32, there is a zero dimensional space X such that 
x, x2,. . . ) Xk are topologically distinct and yet X” = X” whenever k + 1s n, m < u. 
Proof. Let X be the topological sum X=wO(Sxw)O(Sk”x~)O(Ski’x~)O 
. . . . An easy computation shows that X2 contains an open subspace which is 
homeomorphic to S*, while X does not by Proposition 2.4. Similarly, X3 contains 
an open subspace homeomorphic to S3 while neither X nor X2 does, etc. However 
X” is homeomorphic to w@(Sxw)@(S2xw)@... whenever (k+l)<nsw, as 
required. 0 
We do not know whether analogues of Examples 4.1 and 4.2 can be constructed 
in the Sorgenfrey line. 
4.3. Question. Is there an uncountable subspace X c S such that X” = X” whenever 
2~ m, n < w? (Note: The proof of Lemma 2.2 shows that X2+X. Also, it is easy 
to find a subspace of the real line R with this property. We could take X = 
[Pn(-~,O)lu[Qn(O,~)l.) 
4.4. Question. Is there an uncountable subspace X = S such that X, X2 and X3 are 
topologically distinct and yet X” = X” whenever 3 s m, n < o? 
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Our next example shows that (2.4) cannot be strengthened to say that S”+’ cannot 
be mapped onto S” by a continuous, l-l mapping. Compare Proposition 3.1. 
4.5. Example. There is a continuous, l-l mapping from S2 onto S. 
Proof. It will be enough to find a continuous, l-l mapping f: [0, 1) x [0, 1) + [0, 1) 
where all three copies of [0, 1) carry the Sorgenfrey topology. The mapping f will 
be defined by a inductive process. For each k-tuple (i,, iz, . . . , ik) of nonnegative 
integers, we will inductively define subrectangles B(i,, . . . , ik) of B = [0, 1) x [IO, 1) 
and subintervals I( i,, . . . , ik) of I = [0, 1) satisfying 
(1) 
(2) 
(3) 
(4) 
each Z(i,,... , ik) has the form [a, b) and each B(i,, . . . , ik) has the form 
[c, d) x [e,f) for some choice of a, b, c, d, e, f; 
for each sequence i, , iz, . . . of nonnegative integers, (B(i,, . . . , &))F=, and 
(I(&, . . , ik))FC 1 are decreasing sequences of sets whose diameters approach 
zero; 
for fixed i,, i2,. . . , ik, the sets B(i,, . . . , ikr n) (n ~0) partition B(i,, . . . , ik) 
and the sets I( i,, . . . , ik, n)(n SO) partition Z(i,, . . . , ik); and 
for each m, n 2 0 the Euclidean closure of B( i, , . . . , ik, m, n) (respectively, 
of I( i,, . . . , ik, m, n)) is contained in B(i,, . . . , ik) (respectively, in 
Z(i,, . . . , ik)). 
We begin by defining 
and B(n)=[O,l)x 
Supposing Z(i,, . . . , ik) and B(i,, . . . , ik) are defined for a fixed k, we construct 
Z(i,,..., ik, n) and B(i,, . . . , ik, n) as follows, for n 2 0. With I( ir, . . . , ik) = [a, b) 
define 
Z(i,, . . . , &,n)= a+ 
[ 
$&&Z+2 &hZ)) 
With B(i,,..., ik)=[a,b)x[c,d) we define B(i,,.. . , ‘kr n) by considering two 
cases. Let 
a+ $+@-a), ~+$&-a)) x[c, d), if k is odd, 
B(i,,...,i,,n)= 
[a,b)x[c+$+(d-c),c+q(d-c)), if k is even. 
Thus, for example, B(2) = [0, 1) x [a, g) is partitioned into sets B(2,O) = [O,;) x [a, f), 
B(2, 1) = [i, i) x [$, i), . . . . Obviously conditions (1) to (4) will be satisfied by this 
construction. An immediate corollary of (2) and (4) is 
(5) for each sequence i,, i2,. . . of nonnegative integers, both n{ I( i, , . . . , ik): k 3 1) 
andn{B(i,,..., ik): k 2 1) are singleton sets. 
We now define a function f: [0, 1) x [0, 1) -+ [0, 1) as follows. Each p E [0, 1) x [0, 1) 
defines a unique sequence i, , i2, . . of nonnegative integers having p E B( i, , . . . , ik). 
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Let f(p) be the unique element of n { 1( i, , . . . , ik): k > 1). The resulting function f 
is both l-l and onto; it remains only to verify continuity. To that end, observe that 
(6) if x = (x,, x2) and y = (y,, yz) are distinct elements of [0, 1) x [0, 1) having 
Xi s yi for i = 1,2 then f(x) <f(y) in [0, 1). 
To verify (6), suppose that x and y lie in the same block J?( i, , . . . , ik) but lie in 
different blocks B( i, , . . . , ikr m) and B( i, , . . . , ikr n) at the next stage of the construc- 
tion. Whether k is odd or even, xi s yi forces m < n. But then f(x) E I( i,, . . . , ik, m) 
and f(y) E I( i, , . . . , ik, n) and by construction, each point of I(&, . . . , ik, m) lies 
below each point of I( i, , . . . , ik, n) so that f(x) <f(y) as claimed. Now continuity 
of f follows easily. Fix p = ( pl, p2) E [0, 1) x [0, 1) and the unique i,, iz, . . . with 
PEf-l{B(i,,..., ik): kzl}. Then {f(p)}=n{I(i,,...,i,J: kal}. Let e>O and 
consider the neighborhood [f(p), f( p) + &) of f(p). Choose k so that 
diam(l(i,, . . . , i,))<~.Theset U=([p,,l)x[p,,l))nB(i,,...,ik)isaneighbor- 
hood of p in [0, 1) x [0, l), and for each point q = (ql, q2) E U, we have 
If(P)-f(q)l<diam(l(i,,..., id)<&
and Pisqi so that, from (6), f(p)sf(q). Hence f(q)E[f(p),f(p)+E) as 
required. 0 
A somewhat more complicated version of the mapping technique used in Example 
4.5 allows us to describe a space X of the type considered in this paper (technically, 
a GO space [4] constructed on R) whose underlying set is the set of all real numbers 
and which satisfies X2 - X. As the parenthetical remark in Question 4.3 shows, the 
hard part is to use the whole set R. 
4.6. Example. Let X be the space obtained from the usual real line R by isolating 
all dyadic rationals. Then X is a completely metrizable space satisfying X2 = X. 
Proof. Let 2 be the set-of integers and let D be the set of dyadic rationals 
D={k/2”(n, kcZ,n>O and k is odd}uZ. 
In X, points of D are isolated and all other points have their usual Euclidean 
neighborhoods. To see that X is completely metrizable, observe that X is homeomor- 
phic to the G,-subspace X’ of the Euclidean plane given by 
X’=((X-D)x{O})u {($,&) I$D}4ZW). 
To see that X2- - X, it will be enough to show that Y2 = Y where Y = X n (0,l). 
We begin the construction of the homeomorphism by partitioning each of Y2 and 
Y into infinitely many open subsets. It will be convenient to introduce notation 
which will help the recursive process of subdivision. 
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For any inteval (a, b) and n E 2 let 
a+ F(b-a)}, if n 2 0, 
T((a, b), n) = 
a+ ifn<O, 
and 
S(n) = CO,11 x T((O, l), n). 
For nEZ, n ZO, let 
a+ 
P((a, b), n) = 
a+ 
and B(n) = (0,l) x P((0, l), n). 
The collection of all spines S(n) and blocks B(n) together form the desired initial 
partition of Y*. To define S( i,, iz, . . . , ik) and B(i,, i2,. . . , ik), for k> 1, suppose 
we have defined B(i,, iz, . . .,ik-,)=(a,b)x(c,d) for some (a,b), (c,d), i,EZ, 
i,#O, lsr<k. For ikEZ, 
S(i,,...,i,)= 
I 
(a, b) x T((c, d), ik), if k is odd, 
T((a,b),ik)x(c,d), ifkiseven. 
For ik # 0, 
B(il,...,ik)= 
{ 
(a, b) x P((c, d), ik), if k is odd, 
P((a,b),&)x(c,d), ifkiseven. 
To subdivide Y, suppose (a, b) is an interval and n E Z. Define 
2 n+3 
n+3 
a+ -y&b-a), a+F(b- 
2 
H((a, b), n) = 
a+ +(b-a)ra++,(b-a) , 
I 
for n 2 0, 
for n < 0, 
and J(n) = H((0, l), n). For n # 0, let 
2 n+2 
a+- 
2 
n+;3(b-a),a+2 G(b-a)) ifn>O, 
K((a, b), n) = 
a+ +b-a), a+&(b-a)) 23p” if n < 0, 
and Z(n) = K((0, l), n). 
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The collection of all intervals J(n) and I(n) together form the desired initial 
partition of Y. To define J(i,, . . . , ik) and I(&, . . . , ik) for k> 1, suppose 
I(i,, . . . , ik_l) is defined for i, E 2, i, # 0, 1 G r < k. For ik E 2, 
J(i,, . . . , ik) = H(l(i,, . . . , ikpl), ik). 
For ik E Z, ik # 0, 
I(i,, . . . , Q=K(l(i,,.. . , 4-A id 
The reader should not be put off by the formal definitions given above. A simple 
sketch illustrating one or two steps should describe how the process continues. The 
reader should also be convinced that every element of Y*, having at least one dyadic 
rational coordinate, ends up an element of some S( il, . . . , ik) and every dyadic 
rational element of Y ends up in some J(i,, . . . , ik). 
It is easy to verify that each S( i, , . . . , i,) and J( i, , . . . , ik) are homeomorphic (in 
spite of the endpoints of J(il, . . . , ik)). This induces a homeomorphism h from 
U{S(il,. . . , ik): kEN, i,eZ, lsrsk; i,#O, r<k} onto u{J(i ,,..., ik): keN, 
i, E Z, 1 s r c k; i, # 0, if r < k}. Observe that the diameters of B(i,, . . . , ik) and 
I(i,,..., ik) approach zero as n + 00, and that for any infinite sequence i, , i2, . . . of 
nonzero integers we have 
n{R(i,,..., ik): ksl}#O and n{I(i,,...,i,): kal}#B 
(in fact, both sets are singletons). Now, the desired function g: Y2+ Y is defined by 
g(x) = 
h(x) if x is an element of some S( i, , . . . , ik), 
zEn{r(i,, . . . , ik): kal}ifxen{B(iI,...,ik): kal}. 
It is elementary to verify that this g is a homeomorphism from Y2 onto Y as 
required. 0 
4.7. Remarks. (a) Note that the space X of Example 4.6 is homeomorphic to the 
space obtained from R by isolating all rational numbers. 
(b) The reader may want to verify that, unlike the construction outlined in 
Example 4.6, the inductive construction in Example 4.5 does not yield a homeo- 
morphism and does not give a continuous mapping if the Sorgenfrey topology is 
replaced by the Euclidean topology. 
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